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Abstract. We study stochastic evolution equations describing the dynamics 
of open quantum systems. First, using resolvent approximations, we obtain a 
sufficient condition for regularity of solutions to linear stochastic Schrodinger 
equations driven by cylindrical Brownian motions applying to many physical 
systems. Then, we establish well-posedness and norm conservation property 
of a wide class of open quantum systems described in position representation. 
Moreover, we prove Ehrenfest-type theorems that describe the evolution of 
the mean value of quantum observables in open systems. Finally, we give 
a new criterion for existence and uniqueness of weak solutions to non-linear 
stochastic Schrodinger equations. We apply our results to physical systems 
such as fluctuating ion traps and quantum measurement processes of position. 



1. Introduction 



Stochastic Schrodinger equations are frequently used to describe quantum mea- 
surement processes ( [Barchielli and Gregoratti(2009) Wiseman and Milburn(200"9)] ) 



and, in general, quantum systems that are sensitive to the environment influence 
( [Gardiner and Zoller(2004)[ |Carmichael( 2008) ) . Moreover , non -linear stochastic 



Schrodinger equations are becoming an established tool for numerical simulation of 
the evolution of open quantum systems (see, e.g., Breuer and Petruccione(2002)[ 



Percival(1998)| ). This motivates the study of mathematical properties of stochastic 



Schrodinger equations allowing us to obtain information on physical phenomena. 
In this research direction, we first investigate regularity of solutions to linear and 
non-linear stochastic Schrodinger equations arising in the study of quantum sys- 
tems with continuous variables, namely having (W^, C) as state space. Then, we 
prove a version of Ehrcnfest's theorem for open quantum systems. As a concrete 
physical application, we deduce rigorously the linear heating in a Paul trap. 

In Section [21 we first focus on open quantum systems described by the linear 
stochastic evolution equation in a complex separable Hilbert space (f), (•, •)): 



Xt{0=^+ G {s) X, (C) ds + Y. (^) ^« (0 dWl (1.1) 

"'0 „_■, Jo 
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Grotz et al.(2006)| Halliwell and Zoupas(1995) 


Schneider and Milburn(1999)|, 



ie>i 



IS a 



sequence of real valued independent Wiener processes on a filtered complete prob- 



ability space (Q,^,{^t)t 



the solution X is a pathwisc continuous adapted 

stochastic processes taking values in (), ^ g L^{n,F), and (G (t))t>o i 
given families of linear operators on f) satisfying 



(Li {t))t>o ai'e 



G{t) = -^H{t)--Y,Le{trL,{t) 



(1.2) 



on suitable common domain with H (t) symmetric operator. The relation ()1.2|) is 
a necessary condition for mean norm square conservation of Xt (^) , an important 
physical property that must hold in the application to open quantum systems. 

In Subsection 12.11 we establish a sufficient condition for regularity of solutions 
to (|l.ip . closely adapted to its special structure. Regular solutions are essentially 
solutions with finite energy, indeed, regularity of Xt (^) is characterized through 
E ||GX((^)||'' < OO for suitable non- negative operators G on f), with a domain con- 
tained in the domains of G{t) and Le{t), allowing us to control unboundedness 
of these operators. Taking inspiration from resolvent approximation methods de- 
veloped in [Fagnola and Wills (2003)|, we strengthen re sults of [Mora(2004)| and 
'Mora and Rebolledo(2007)[ [Mora and Rebolledo(2008)| and improve their appli- 



cability to open quantum systems with infinite dimensional state space in coordi- 
nate representation (see Section 12.1.11 for a review of previous works). Moreover, 
we prove that regularity of X implies the mean norm square conservation property, 
namely E \\Xt{£,)f = E for aU t > 0. 

In Subsection l2.21 we report our careful verification that existence and uniqueness 
of the regular solution to ()l.ip yields existence and uniqueness of the regular solution 
to 

Yt = Yo+ G (s, n) ds + Y, (Li (s) ^ - 3? {Ys,Le {s) F,) F,) dW^ (1.3) 
Jo g^-^ Jo 

with 

G (s, y) = G{s)y + f2U (y, (s) y) Le (s) y - ijR^ (^^ (s) y) y 
e=i ^ ^ 

We thus get from Subsection 12.11 a sufficient condition for well-posedness of (jl.Sp . 
This non-linear stochastic Schrodinger equation is a fundamental tool for modeling 
the dynamics of states in quantum measurement pr ocesses ([Barchielli and Holevo(1995)[ 



Barchiein and Gregoratti(2009)passi et al.(2010)[|Belavkin(1989)[|Breuer and Petruccione(2002) 
Gough and Sobolev(2004)| ), as well as numerical simulation of the evolution of 
mean values of quantum observables ( Breuer and Petruccione(2002) Mora(2005)[ 
Percival(1998)| ), which are represented by E{Yt, AYt) . 

Mathematics of closed quantum systems is well established, on the contrary, only 
a few papers deal with open quantum systems whose state space I) contains, among 
its components, L'^ {W^,C) (see [Baisi et al.(2010)||Chebotarev and Fagnola(1998) 



Kolokoltsov(1998)[ [Gough and Sobolev(2004)[ [Mora and Rebolledo(2008)[|Mora() 



and references therein). However, important physical phenomena are realistically 
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described by open quantum systems involving continuous variables such as position 



([D'Agosta and Pi Ventra(2008)||Gough and Sobolev(2004)j|Halliwell and Zoupas(1995) 



Haroche and Raimond(2006) Wiseman and Milburn(2009)| ). This motivates Sec- 
tion|3] where we use our general results as the starting point for investigating well- 
posedness and norm conservation property of physical systems described in position 
representation with Hilbert space t) = (R'',C), Hamiltonian 



H{t) = -aA + zJ2iA'it, ■)d, + d,A^{t, ■)) + V{t, ■) 



and noise coefficients 



T (t\^{ Ej=i (^ij (t, •) dj +Viit,-), iil<i<m 
^ ^ 1 0, if £ > m 



(1.4) 



(1.5) 



where i > 0, to S N, a is a non-negative real constant, dj denotes the par- 
tial derivative with respect to the j^^-coordinate, V,A^ : [0, -foo[xM'* — > M and 
aij, rji : [0, -|-oo[xR'' — > C are measurable smooth functions. We thus include in 
our study concrete physical situations like: continuous measurements of position 



Bassi and Diirr(2008) Diirr et al.(2011)Durr, Hinrichs and Kolb Gough and Sobolev(2004) 



Kolokoltsov(1998)| , atoms in interaction with polarized lasers Singh and Rost(2007)|, 
quantum systems in fluctuatin g traps [Grotz et al.(2006) Schneider and Milburn(1999)| 



and collisions of heavy-ions |Alicki(1982) Chebotarev and Fagnola(1998) . The 



main difficulties in the study of stochastic partial differential equations (|l.l( ) and 



(|1.3p with Hamiltonian (|1.4|) and noise operators (jl.5|) lies in the unboundedness 
of partial derivatives dj in the noise coefficients as well as in the magnetic fields 
terms A'{t, ■)dj + djA^t, •), a possible linear growth of functions rjg and the pos- 
sible quadratic behavior of the potential V; solving (jl.ip and (|1.3p we must cope 
with all of them at the same time. We overcome these difficulties by using the 
reference operator C ~ — A + \x\^ , together with non-trivial algebraic and analytic 
manipulations. 

In Section |4l we derive rigorously Ehrenfest-type theorems for open quantum 
systems. Indeed, assuming that p.l|) has a unique C-regular solution, we prove, 
roughly speaking, that the mean value of a C-bounded observable A satisfies: 

EiXtiO.AXtiO) = E{^,AO+ fE{A*XsiO,Gis)X,{0)ds (1.6) 

Jo 

+ [ E{G{s)Xs{0,AXs{0)ds 
Jo 

+1 (fy ' (^))) 

States of quantum systems are described by density operators, i.e., positive oper- 
ators on [} with unit trace. Under, for instance, the Born-Markov approximation, 
the density operator at time t is given (in Dirac notation) by 

Pt = E\Xt{o){Xtm 



whenever the initial density operator i s E |^) (g| ([Barchielli and Gregoratti(2009)[ 
Breuer and Petruccione(2002)[ Mora()[ Percival(1998)| ). Hence the mean value of a 
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C-bounded observable A is well-defined by tr (ptA), which is equal to E{Xt {£,) , AXt (^)) 
(see, e.g., [Mora()| ), and (|1.6p becomes 

j^tr (ptA) = tr (^p, (^-z [A, H {t)] + ^L, (t)* [A, L, (t)] + 1 [L, (t)* , A] L, (t) j j , 

(1.7) 

where [•, •] stands for the commutator between two operators and tr (•) denotes the 
trace operation. 

Ehrenfest-type theorems describe the rate of change of mean values of quantum 
observables. In the physical literature on open quantum systems, the generalized 
Ehrenfest equations (|1.6p and (|1.7p have been used, for example, to demonstrate 
connections between quantum and classical mechanics (see, e.g., [Percival(1998)| ), 
and to estimate the behavior of the expected value of important quantum observ- 
ables (see, e.g., [Breuer and Petruccione(2002) Englert and Morigi(2002)|, 



Halliweh and Zoupas(1995)[ |Hupin and Lacroix(2010)[ [Salmilehto et al.(2012)| . 
Nevertheless. (II. (jj) and (ll.7() have not been rigorously examined from the mathe- 
matical viewpoint. This motivates Section 3] where we present the first, to the best 
of our knowledge, rigorous proof of the Ehrenfest equations (|1.6p and (|1.7p for open 
quantum systems with infinite-dimensional state space (). We would like to point 
out here that Ehrenfest-type theorems for closed quantum systems have been re- 
cently proved by [Friesecke and Koppen(2009) Friesecke and Schmidt (20 10)] ; our 



results also generalize this work. 

In Section IH we also introduce sufficient conditions for validity of (II. 6p and 
()1.7p applied to the system with Hamiltonian (|1.4p and noise operators ()1.5p . This, 
together with Section [Sj provides a sound framework for studying open quantum 
systems in coordinate representation with smooth potentials. 

As a concrete physical application we consider ions traps ( [Wineland et al.(1998)| 
for a description). Quadrupole ion traps were initially developed by Hans Georg 
Dehmelt and Wolfgang Paul who were awarded the Nobel Prize in Physics for 
this work having a great impact in quantum information. Experiments show that 
these traps lose coherence, because the coupling with the environment is relatively 
strong (see, e.g., [Grotz et al.(2006)[ [Leibfried et al. (2003) [ [Wineland et al.(1998)| 



and references therein). This drastically reduces life times of trapped atoms. Here, 
we prove rigorously the linear heating in a model of a Paul trap whenever the initial 
density operator is regular enough, providing a mathematically rigorous presenta- 
tion of the arguments given by Schneider and Milburn(1999)| . 



1.1. Notation. In this article, (f), (•, •)) is a separable complex Hilbert space whose 
scalar product (•. •) is linear in the second variable and anti-linear in the first one. 
We write (A) for the domain of A, whenever ^ is a linear operator in [}. If X, 
3 are normed spaces, then we denote by £(X, 3) the set of all bounded operators 
from X to 3 and we define £ (X) = £ (X, X). We set [A, B] = AB ~ BA when A, B 
are operators in \). By /B(2)) we mean the set of all Borel set of the topological 
space 2). 

Suppose that C is a self-adjoint positive operator in (). For any x,y £ 'D (C) 
we define the graph scalar product {x,y)(j = {x,y) + {Cx,Cy) and the graph 
norm ||a;||^ = {x, x)q. We use the symbol (P, t]) to denote the set of all square 
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intcgrable random variables from P) to (f), 03 (f))). Moreover, (P, ()) stands 

for the set of all £, E L'^ (P, i)) such that ^ e 2? (C) a.s. and E < oo. We define 
TTc : f) f) by TTcix) ^ X if X eV{C) and 7rc(a;) = if x ^ V (C). 

In case g : M" i— > C is Borel measurable, \g~\ stands for the multiplication operator 
in (M", C) given by / i— > gf. We abbreviate \g~\ to g when no confusion can arise. 
We denote by C'' {W\ K) with K = K, C, the set of aU functions from R'^ to K whose 
partial derivatives up to order k are with continuous. Moreover, (R'',C) is the 
set of all functions of C°° (R'^, C) having compact support. If / : M'* H> C, then dkf 
denotes the partial derivative of / with respect to its fc-th argument, V/ stands for 
the gradient of / and A/ is the Laplacian of /. 

In what follows, the letter K denotes generic constants. We will write K {■) 
for different non-decreasing non-negative functions on the interval [0, cx)[ when no 
confusion is possible. 

2. Stochastic Schr5dinger equations 
2.1. Linear stochastic Schrodinger equation. 

2.1.1. Previous works. In the autonomous case, [IIolevo(1996)| obtained the ex- 
istence and uniqueness of the weak (topological) solution to (|l.ip whenever G 
is the infinitesimal generator of a contraction semigroup. A drawback of such 
weak solutions is that they may not preserve the mean value of ||Xt(^)||^ (see, 
e.g., [IIolevo(1996)| ). [Rozovskii(1990)| proved the existence and uniqueness of 
variational solutions for a class dissipative linear stochastic evolution equations 
on real Hilbert spaces, where the regularity of Xt{^) is essentially characterized 
through a strictly positive operator C. In particular, approximating G (s) by 
G (s) - eC^ in ([LT]), |Rozovskii(1990)[ obtained a solution of ([TTI) as a limit of solu- 
tions to coercive stochastic evolution equations that are treated using the Galerkin 
method. This indirect proof makes it difficult to address some properties of the 
SSEs as time-global estimates needed for establishing the existence of regular in- 
variant measures for (jl.3p . and time- local estimates appearing in the numerical 
solution of (|l.ip and (|1.3p (see, e.g., Mora(2004)] ). Using Galerkin approxima- 



Grecksch and Lisei(2011)] proved the existence and uniqueness of variational 



tions, 

solutions to 

dXt = (i i-HoXt + f {t, Xt))) dt + ig {t, Xt) dWt, (2.1) 

where is a cylindrical Brownian motion with values in a separable real Hilbert 
space, /, g are locally Lipschitz functions and —Ho is a coercive operator with 
discrete spectrum. These conditions are strong in case (|2.ip becomes linear. 

Applying directly the Galerkin method, together with a priori estimates of the 
graph norm of the approximating solutions with respect to the reference positive 
operator C, [Mora(2004')] and [Mora and Rebolledo(2007)| proved that (fTTj) has 
a unique strong regular solution, in the autonomous case. The assumptions of 
[Mora(2004)| and [Mora and Rebolledo(2007)] include the existence of an orthonor- 
mal basis (e„)^ of ((), (•, •)) that satisfies, for instance, sup„g2+ l|C'^n2;|l < |lCx|| for 
all X belonging to the domain of C, where P„ is the orthogonal projection of f) over 
the linear manifold spanned by eo, . . . e„ and summability of the series |jL|e„||^ 
together with some domain hypotheses on the adjoint G* of G. Summability of the 
series ||L|e„||^, in particular, is a strong mathematical requirement that may 
not hold even when the operators G and Li are bounded. In Section [2.1.2[ we prove 
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the well-posedness of (jl.ip . as well as the regularity of its solution, under hypotheses 
that do not involve the orthogonal basis (en)„, the summability condition and tech- 
nical hypotheses on adjoints of G and (that now are also time-dependent). Then, 
we obtain stronger results with simplified proofs and wider range of applications. 

Finally, the non-commutative version of (jl.ip has been treated using resolvent 
approximations and a priori estimates by [Fagnola and Wills(2003)| . 

2.1.2. Main results. We start by making precise the notion of strong regular solu- 
tion to (mH). 

Hypothesis 1. Let C be a self-adjoint positive operator in \) such that: 

(Hl.l) For any £ > 1 and < > 0, P (C) C 2? {Li (t)) and Le (•) o ttc is measurable 

as a function from ([0, (X)[ x (), B{[0, oo[ x f))) to ((), B ([))). 
(HI. 2) For aU t>0,V{C)cV{G {t)). Moreover, 

G(-)o7rc : ([0,(X3[x [),S([0,cx)[x ()))->([), 6(f))) 
is measurable. 

Definition 2.1. Let Hypothesis [T] hold. Assume that I is either [0, oo[ or the inter- 
val [0,T], with T G M+. An f)-valued adapted process {Xt (C))tgi with continuous 
sample paths is called strong C-solution of ()1.1|) on I with initial datum ^ if and 
only if, for all i S I: 

. E \\Xt < E llell', Xt (0 e V (C) a.s. and sup^^jo,*] E ||CX, (Of < ex.. 

• Xt (0 = e + /o G (s) 7TC (X, (0) ds + ZZi Jo Le (s) ttc (X, (0) dW^ P-a.s. 

In practical situations like the autonomous case, the following lemma, whose 
proof is postponed to Subsection 15.11 guarantees the measurability of G (•) o nc and 
Li{-) o T^c required in Hypothesis [TJ 

Lemma 2.2. Let C be a self-adjoint positive operator on t). Suppose that L G 
2{{V{C),\\-\\c),t}). Then L OTIC ■ (f),S(f))) ^ (f),'B(f))) is measurable. 

The following theorem provides a new general sufficient condition for the exis- 
tence and uniqueness of strong C-solutions to ()1.1|) . 

Hypothesis 2. Let C satisfy Hypothesis [1] In addition assume that: 

(H2.1) ForaUt>Oanda;eI?(G), \\G{t)x\\^ <K{t)\\x\\l. . 

(H2.2) For every natural number i there exists a non-decreasing function on 

[0,cx.[ satisfying \\Lt {t)x\\^ < Kt{t) \\x\\^^ for all x€V{G) and t > 0. 
(H2.3) There exists a non-decreasing non-negative function a such that 

oo 

25R {C^x, G (t) x)+Y^ \\CLe (t) xf<a {t) ||a;||p 
e=i 

for alH > and any x belonging to a core Di of G^. 
(H2.4) There exists a core Da of G such that 23? (x, G (t) x) -f X^fci \\Li{t)xf <0 
for ah X e S)2 and t>0. 

Theorem 2.3. Let Hypothesis hold and assume that ^ E (P, f)) is ^Q-mea- 

surable. Then lil.l}) has a unique strong C-solution (Xt (C))f>o with initial datum 
Moreover, 

E \\CXt (Of < exp (to {t)) (e IIGef + to (t) E . 



STOCHASTIC SCHRODINGER EQUATIONS: AN EHRENFEST-TYPE THEOREM 



7 



Proof. Deferred to Subsection 15.21 □ 



Remark 2.4. Under the assumptions and notation of Theorem l2.31 we can prove the 
Markov property of Xt (^) by techniques of well-posed martingale problems (see, 
e.g., [Mora and Rebolledo(2008)] ). 



Under Hypothesis [2] and Condition H3.1 below, we can obtain the mean norm 
square conservation of Xt(^), a crucial physical property of the quantum systems. 

Hypothesis 3. Let Hypothesis [T] hold together with Condition H2.1. Suppose that: 

(H3.1) For alH > and a; e P (C), 23? {x, G (t) x) + J2T=i W^i (t) xf = 0. 
(H3.2) For any initial datum ^ belonging to (P, f}), (II. ip has a unique strong 
C-solution on any bounded interval. 

Theorem 2.5. Assume that Hypothesis[3[ holds, together with E Lq {¥:t)). Then 
(^\\Xt is « martingale. In particular E — ||^||^ for all t > 0. 

Proof. Deferred to Subsection lA.il □ 

Remark 2.6. Hypothesis [2l together with Condition H3.1, constitutes a generalized 
version of non-explosion criteria used to guarantee the conservation of the probabil- 



ity mass of minimal quantum dynamical semigroups (see, e.g., [Chebotarev and Fagnola(1998) 
Chebotarev et al.(1998)[ |Fagnola(199"9)] ). This can be verified in a wide range of 



applications. 

Remark 2.7. Condition H3.1 is a quadratic form version of (jl.2p . It arises from 
physical situations where we can expect that the solutions of the quantum master 
equations have trace 1 at any time. Nevertheless, (|1.2p is not a sufficient condition 
for a minimal quantum dynamical semigroup to be identity preserving (see, e.g., 
Fagnola(1999)] ). 



2.2. Non-linear stochastic Schrodinger equations. Using the linear stochastic 
Schrodinger equation (jl.ip . [Barchielli and Holevo(1995)^ construct a weak proba- 
bihstic solution of (|1.3p provided that G and Li,L2,... are bounded operators; 
they actually considered driven noises with jumps in place of some W^. In the 
case where [} is finite-dimensional and at most a finite number of Lk are different 
from 0, the existence and uniqueness of the strong solution of (|1.3p was obtained 
in Lemma 5 of [Mora(2005)| by classical methods for stochastic differential equa- 
tions with locally Lipschitz coefficients, see also [Barchielli and Gregoratti(2009j| 
Pellegrini(2008)||Pellegrini(2010)| 



Gatarek and Gisin(1991)| established the existence and pathwise uniqueness of 
solutions of (|1.3p in the following two examples: 

• H ~ 0, Li self-adjoint and Li = for all £ > 2. 

• Let [) = L2(K,C). Choose H = -A, Lif (x) = xf (x), and £3 = ^3 = 
••• = 0. 



To handle the unic^ueness property, [Gatarek and Gisin(1991) used strongly that Li 
is a self-adjoint operator. Mora and Rebolledo(2008)| obtained existence and weak 



uniqueness of regular solutions to (|1.3p under the assumptions of Mora and Rebolledo(2007)] , 



which were discussed in Section r2. 1.11 In the preparation of this paper, we verified 
that applying the same arguments of the proof of Theorem 1 of Mora and Rebolledo(2008)] 



we can prove Theorem l2.9| asserting the existence and uniqueness of solutions to the 
non-linear stochastic Schrodinger equation ()1.3p under Hypothesis [3l We thus get 
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that Theorem 12.31 provides a sufficient condition for the existence and uniqueness 
of weak (in the probabilistic sense) regular solution to ()1.3|) . 

Definition 2.8. Let C satisfy Hypothesis [1] Suppose that I is either [0,+cx)[ or 
[0, r] with r e M+. We say that (^i, {dt)t& > (^t)tei , (W^/) Jf) ^ solution of 
class C of ()1.3p with initial distribution 9 on the interval I if and only if: 

• {W^^ is a sequence of real valued independent Brownian motions on the 

filtered complete probability space {^,^, (i?t)tGi ' 

• (l^t)tgi is an ()-valued process with continuous sample paths such that the 
law of lb coincides with 9 and Q (llYtlj = 1 for all t G I) = 1. Moreover, for 
every t e I, e X> (C) Q-a.s. and sup^g^o^j] Eq \\CYs\\^ < oo. 

• Q-a.s., for aU t el, 

Yt = Yo+ f G(s,^c(n))rfs 
Jo 

+ Y, (Li is) (Ys) ~ n {Y,,Le (s) ttc (Y,)) Y,) dWj. 

£=1-^0 

We shaU say, for short, that (Q, (Ft)jgi , (M^t)tei) a C-solution of (fO]) . 

Theorem 2.9. Let C satisfy Hypothesis\^ Assume that 9 is a probability measure 
on f) concentrated on 2?(C) H {j/ G f) : ||y|| = 1} such that J. \\Cx\\'^ 9 (dx) < oo. 



Then lil.S\) has a unique C-solution ^Q, (lt)t>Q , {Wt 



with initial law i 



Proof. Thcorem I 2 . 51 allows us to use arguments of Theorem 1 in Mora and Rebolledo(2008)] 
to show our statement. □ 

Remark 2.10. Let the assumptions of Theorem 12.91 hold, and let (^i (C))i>o be 
the strong C-solution of (jl.ip . where ^ is distributed according to 9. For a given 
T G ]0, +oo[, we define Q=\\Xt (C)f • P, 



and 



Yt = 



0, ifXt(e) = ' 

where t G [0,T] and £ G N. By Theorem 12. 5[ proceeding along the same lines as in 
the proof of Proposition 1 of [Mora and Rebolledo(2008)] we can obtain that 

(S't)te[o,T] ' 'Q' (^Ote[o,T] ' (-^t)te[o,T] 



is a C-solution of (|1.3p with initial distribution 9. 

3. Open quantum systems in coordinate representation 



We now focus on the model given by ()1.4p and (jl.Sp . with the functions agt 
satisfying 

^fJtt {t,x) {djaih){t,x) = {dj(Jih)(t,x) (3.1) 

for all j, h, k. It is worth noticing that p. II) obviously holds when functions cr^fc 
do not depend on x and also when they are real valued or can be transformed 
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into real valued functions by a suitable change of phase. A counterexample due 
to Fagnola and Martmez(2012)| shows that mean norm square conservation may 
fail when (13.11) does not hold and phases of aik depend on the space variable x. 



We next collect our smoothness assumptions on the functions involved in (|1.4p and 



Hypothesis 4. Let L£{t) be the operator (|1.5|) and assume that holds. For 

all t > 0, define G (t) = -iH (t) - \ X^fli (t) Li (t), where H (t) is as in pri)) . 
Suppose that there exists a continuous increasing function K : [0, +oo[— J'JO, +oo[ 
such that: 

(H4.1) For alU > and 1 < j < d, V {t, •) e (M'^,M), {t, •) e (M'^,M). 
Moreover, max{\V it,x) \ ,\AV {t,x)\ , \dj{AA^)\} < K (t) (l + \xf 



max 



{\d,V{t,x)\ , \A^ , \{d,,d,A^){t,x)\} < K{t) (1 + \x\) 



and \dj,A^ {t, x)\ < K (t), where t > 0, a; e M'' and 1 < < d. 
(H4.2) For all 1 < ^ < m and t > we have \(7tk (t, ■){ < K{t), with 1 < fc < d, 
rji {t, ■) G (M.'^, C) and the absolute values of all the partial derivatives of 
rje {t, ■) from the first up to the third order are bounded by K{t). Moreover, 
at least one of the following conditions holds: 

(H4.2.a) For all 1 < £ < m, 1 < fc < d and t > we have \r]i {t, ■){ < 
K{t), (T£k (i, ■) G (R'',C), and the absolute values of all partial deriva- 
tives of aik {t, •) up to the third order are dominated by K{t). 

(H4.2.b) For any 1 < £ < m and 1 < fc < d, the function (i, x) ^ 
aik {t,x) does not depend on x and jr/^ {t,0)\ < K{t). 

Note that condition (H4.2.b) allows linear growth in x of ri{t,x) while (H4.2.a) 
does not. Thcorems l2.3l and l2.5l help us to establish the following result. 

Theorem 3.1. Suppose that Hypothesis^ holds and set C — — A + \x\^ . Let £^ be a 
S'o - measurable random variable taking values in (M'^jC) such that ]E||^||^ — 1 
and E ||C^||^ < oo. Then has a unique strong C-solution with initial datum ^. 

Moreover, E \\Xt = ||C||^ for all t > 0. If m addition = 1 a.s., then pl\) 

has a unique C-solution whose initial distribution coincides with that of 



Proof. Deferred to Subsection 15.31 □ 



Theorem 13.11 applies in a number of physical models like those listed below, 
which, for simplicity, are restricted to f) = (M, C) and m — 1. 

(E.l) Choose a — 1/ (2M), A^ {t,x) — cx, aii{t,x) — b, and rji {t,x) — ax, where 
a, 6, c e M and M > 0. Moreover, the potential 1^ is a smooth function. 
This describes a large particle coupled to a bath of harmonic oscillators in 
thermal equilibrium (see, e.g., Halliwell and Zoupas(1995)] ). 



(E.2) Let a = 1/ (2M), with M > 0. Moreover, we take A^ {t,x) = <7ik{t,x) = 
and rji (t, x) = ijx, where 77 is a real number. This model describes the dy- 
namics of the continuous measurement of position of a free quantum particle 
subject to a time-dependent potential V{t, •) (see, e.g., Bassi and Diirr(2008)[ 



Gough and Sobolev(2004)] ), a process that can be observed with detectors 



(E.3) [Singh and Rost(2007)| modeled the application of intense linearly polar 
ized laser to the hydrogen atom by means of: a = 1/2, A^{t, •) = aek{t, •) 
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0, Tji {t,x) = —ir]x, and 

V{t,x) = Voix) + xF (i), 

where Vq (x) — -1/ {x^ + a^)^^^ and 

{sin(7rt/(2T)), if t < t 

1, ifT<t<r-r . 

cos2(7r(i + r-T)/(2T)), if T - r < i < T 

Here f5,ri,d € M. and a,FQ,T,T are positive constants. This simulates the 
evolution of the electron of the hydrogen atom under the influence of a laser 
field F (t) . The soft core potential V approximates the Coulomb potential 
of the atom. 

(E.4) To describe the evolution of a quantum system in a parabolic fluctuating 
trap, we follow [Grotz et al.(2006)| and [Schneider and Milburn(1999)| in 
assuming a = 1/(2M), A^t,x) = aik{t'x) = 0, V{t,x) = ^Mu'^x'^ and 
rji (t, x) = —ir]x, where M, ij > and cj g M. 

4. Ehrenfest's theorem 

4.1. Markovian open quantum systems. The next theorem provides a rigor- 
ous derivation of a version of Ehrenfest's equations for open quantum systems in 
Lindblad form. 

Hypothesis 5. Let C satisfy Hypothesis [3] Suppose that: 
(H5.1) For alH > and any x belonging to a core of C, 

£=1 

Let A = BIB2, where Bi, B2 are operators in f) such that: 
(H5.2) For all x G V (C^/^), max{||Bia;f , \\B2xf} < K \\x\\l;^/^. 
(H5.3) max|||yla;||^ ||yl*a;f I < K\\x\\^(j whenever x e V{C). 

Theorem 4.1. Let Hypothesis [5l hold, together with ^ e Lp(P;f)). Then, for all 
t > we have 

E{Xt{0,AXt{0) = E{C,AO+ fE{A*X,iC),G{s)X,{0)ds (4.1) 



Jo 

E{Gis)Xs{0,AXs mds 



Jlfl^ {BiLt [s) Xs (C) , B^Le (s) X^ (0) j ds. 



Proof. Deferred to Subsection 15.41 □ 
Suppose that Xt (^) is the unique strong C-solution of (jl.ip . Set 

pt ■.^E\xt{o){Xtm, 

where we use Dirac notation. Then pt is a C-regular density operator and 

tr {ptA)=E{XtiO,AXt (0), 
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provided that A is C-bounded (see MoraQ] for details) . In the homogeneous case, 



from [MoraQI we have that pt is the unique solution of the quantum master equation 
d 

di' 



-Pt = Gpt + ptG* + J2 LiPtLl po = E 10 (CI . 



i=i 

We now combine Theorem l4.1l with Theorem 3.2 of [Mora()| to deduce the following 
corollary, which asserts which asserts the validity (|1.7p whenever essentially AL^ 
is C-bounded. To this end, we use basic properties of the adjoints of unbounded 
operators (see, e.g., [Kato(1980)| ). 

Corollary 4.2. In addition to Hypothesis\^ and ^ G (P; f)), suppose that the 
operators G (t) , BiLi (t) , B2L2 {t) , . . . are cerrable for all t > 0. Then 

tr{Apt) = tr{Apo)+ f (tr {G (s) p,A) + tr (ApsG (s)*)) ds (4.2) 

Jo 

\tr {B2U {s)psLe {s)* Bl)^ ds, 
where t > and pt := E \Xt (0) {Xt (01- 

4.2. Applications. We begin by applying Theorem l4.1l to the model given by (|1.4p 
and (fTSl). 




Theorem 4.3. Assume the context of and 111.5]) . together with Hypothesis^ 
Let A — _B*i?2, where Bi and B2 satisfy one of the following conditions: 

• Bi = \ci \ and B2 = \c2~\ provided that ci,C2 : R'* ^ R are Borel measurable 
functions such that \cj {x)\ < K {1 -\- \x\) for all x G R'' and j = 1, 2. 

• For any j — 1,2, Bj is either dk \aj~\ , \bj \ dk or \cj~\ , where k — 1, . . . ,d, 
a-j e (R'^,M) and bj,Cj e G^ (R'^,R). Moreover, for all x e M."^ and 
l,k — 1, . . . ,d we have: max {|aj (a;)| , \bj {x)W < K , 

max{|c, {x)\ , \dia, {x)\ , \dib, {x)\} < K {I + \x\) , 
and max{|9;Cj (a;)| , \dkdiaj {x)\} < K {l + . 
Then (gjp and hold in case £, £ ^^^+,^12 (P; f)). 

Proof. Deferred to Subsection 15.51 □ 

Using Theorem 14.31 we can obtain expressions describing the evolution of some 
important observables, which sometimes are closed systems of ordinary differen- 
tial equations. For instance, the following theorem makes mathematically rigorous 
computations given in Schneider and Milburn(1999)| , which establish the linear 



heating of a Paul trap due to fluctuating electrical fields that change the center of 
this ion trap (see also [Gehm et al.(1998)[ [Grotz et al.(2006)] ). 



Corollary 4.4. Consider (T^ and I[T1\) with d = 1, a = 1/{2M), A^{t,x) = 
0, V{t,x) — V (x), aik(t,x) — and rji{t,x) = —irjx, where M,rj > and 

V e 6*2 (R,R). Suppose that for any x € R, \V {x)\ < K (l + {xf^ \V' ix)\ < 
K{1 + \x\) and \V" {x)\ < K (l + . Then for all t > 0, 

E {Xt iO , HXt m = E (0 HO + ^V't- (4.3) 
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Proof. Deferred to Subsection 15.61 □ 
Remark 4.5. Schneider and Milburn(1999)| restricted their attention to 



V{x) = 

5. Proofs 

5.1. Proof of Lemma 12.21 We first characterize the domain of C by means of 
Yosida approximations of — C 

Lemma 5.1. Let C be a self-adjoint positive operator in [}. Then 

^ (C*) = {a; G f) : [CRnx)^ converges} = < a; G f) : sup ||Ci?„a;|| < oo 



where Rn = n {n + C) ^ . 

Proof. Since —C is dissipative and self-adjoint, for all x £ V (C) we have 

C RyiX ^n— >oo Cx 

(see, e.g., Pazy [Pazy(1983)] ). Thus P (C) C {x G f) : (Ci?„x)„ converges}. 

Now, assume that (||Ci?„a:||)^gj^ is bounded. Using the Banach-Alaoglu theorem 
we deduce that there exists a subsequence (Ci?„^a;)j,gpj which converges weakly to 
a vector z G f). Since — >n-^oo x, for any y G V (C) we have 

(x, Cy) = lim {R^^x^Cy) = lim {CRn^x,y) = {z,y) . 
Hence a: G X> (C*) X> (C)), and so G f) : sup„gr, ||Ci?„a;|| < oo} C X> (C). □ 



Proof of Lemma WM Let i?„ be as in Lemma 15711 Using Lemma [5711 we obtain that 
V{C) is a Borel set of (} since Ci?„ G £(()), and so ttc ■ (f},fi(f})) ^ (f),S([})) is 
measurable. Since the range of i?„ is a subset of I? (C) and L G £,{{T> (C) , ||-||(^) , f)), 
Li?„ G Hence Li?„ o ttc is measurable. From i?„ — ^rn-oo I and 

C RjiX ^n— >oo 

Cx 

it follows that Li?„ o ttc — ?>rn-oo ^ ° ttc j which implies the measurability of L o 

5.2. Proof of Theorem 12.31 First, we extend the inequality given in Condition 
H2.3 toX'(C2). 

Remark 5.2. Let L be a closable operator in [) such that "D (C) C 'D{L), with 
C self-adjoint positive operator in f). Applying the closed graph theorem gives 
LG£((2?(C),|M|c),f]). 

Lemma 5.3. Suppose that C satisfies Conditions H2.1 - H2.3 of Hypothesis If 
X belongs to T) (C^) and t > 0, then Lg (t) x E D (C) for any £ £ N, and 

oo 

23? {C^x, C (t) x)+Y^ \\CLe (<) xf<a (t) \\x\\l . (5.1) 
i=i 
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Proof. Since Si is a core of C^, there exists a sequence (a;„)„gpf in Di converging to 
X such that C^a:„ — >n^oo C^x. Using Remark 15.21 and Condition H2.1 we deduce 
that G (i) e £ {{V (C^) , ||-||p2) , t]), and so Condition H2.3 leads to 



OO 



lim y^\\CLe{t){xn~Xn')f = 0. (5.2) 

By C is closed, from ()5.2p we have (t) x & V (C) and CL^ (i) a;„ — > CLf (t) x as 
n — >■ oo. Then (|5.ip follows immediately, because (|5.ip is true for a:„ for all n. 

□ 

The inequality of Condition H2.4 can be immediately extended to 2? (C), by the 
definition of core and Fatou's lemma, following the lines of the proof of Lemma [5?3l 

Lemma 5.4. Under Conditions H2.1, H2.2 and H2.4, for all x inV (C) we have 

oo 

23? (a;, G (t) + ^ \\Le {t) xf < 0. 



In contrast to Mora and Rebolledo(2007)] , where we used the Galerkin method. 



in the proof of Theorem 12.31 we obtain Xt (^) as the (P, f))-weak limit of the 
solutions to the sequence of stochastic evolution equations (|5.3p given below. 

Definition 5.5. Let Hypothesis [T] hold, together with Conditions H2.1 and H2.2. 

Suppose that ^ is a S^o-measurable random variable belonging to (P, f)). For each 
natural number n, we define X" to be the unique continuous solution of 

X^=i+ G" (s) X^ds + is) X^dWl (5.3) 

Jo Jo 

where G" (s) = RnG (s) Rn and (s) = Le (s) Rn with R„ = n {n + C^y\ 

Remark 5.6. Recall that C^Rn G '2(f)) and i?„ < 1. As a consequence, X" 

is well-defined because H2.1 and H2.2 imply that G" (t) and L" (t) are bounded 
operators in f) whose norms are uniformly bounded on compact time intervals. 

Though the next three estimates for X" essentially coincide with those given in 
Lemma 2.3 of Mora and Rebolledo(2007)] , the infinite-dimensional nature of (|5.3p 



forces us to use a more refined analysis. 

Lemma 5.7. Adopt HypothesisUl together with Conditions H2.1, H2.2 and H2.4- 
Then for any t > 0, < Ellfll . Moreover, for all x e i) and t > we have 

oo 

23? {x, G" (t) x)+J2 11^" W < 0. (5.4) 

£=1 

Proof. Since the range of Rn is a subset of 2? (G^) , Lemma \5A\ leads to ()5.4p . Using 
complex Ito's formula we obtain 

" pt 

\m\'<m'+T. 2^{x:,L-{s)x:)dw',. (5.5) 

»_i Jo 



e=i 



Set Tj — mi{t > : \\X"\\ > j}. Then tj oo as j — > oo, because X" is pathwise 



continuous. By ()5.5p . Fatou's lemma yields E||X"||^ < lim inf j_j.oo E 



vn 



2 



< 
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Lemma 5.8. Let Hypothesis[M hold. If £, £ (P, (]), then 

E||CXt"f < exp(to(t)) (e\\C£,\\^ + ta{t)E\\^\\^^ . (5.6) 

Proof. Combining Condition H2.1 with Lemma 15.31 we obtain that CC^ (t) and 
CU^ (t) are bounded operators on [) whose norms are uniformly bounded on com- 
pact intervals. Lemma O gives E HCG" (t) X^^f < ||CG" (t)f E||^f and 

E\\cLnt)xn'<\\cLnt)fEm'- 

Therefore CX" = a.s. for any t > 0, where 

F" = + / CG" (s) Xys + ^ / GL^ (s) X^dT^f . 
This follows from, for instance, Propositions 1.6 and 4.15 of Prato and Zabczyk(1992j] . 



Since i?„ commutates with both C and G^, using Lemma l5.3l and 
deduce that for any x £ V (C^) and t > 0, 



Rn 



< 1 we 



25R (Gx, GG" [t) x)+Y^ \\CUl {t) xf 

OG 



< a{t) 



RinX 



<«(t)INIIc- 



As V (G^) is a core of G, by a passage to the limit we get that for all j/ e I? (G) 
and t > 0, 

n 

23? {Cy, CG" it) y}+Y^ \\CL^ (t) yf < a (t) . (5.7) 



Finally, choose Tj = inf {< > : \\Yf"\\ > j}. Applying Ito's formula yields 



E 



thTi 



EllG^IP +E 



hsR (n", GG" {s) x:) + \\CL- is) x:\n ds, 



because E 

yp = CX^ a.s., combining (I5.7P with Lemma [?771 we have 



n(Yp^.^.,CL]' {s)Xl') < j2 ||GL^' (s)||^E||^f by LemmaO Since 



E 



t/\-Ti 



<E||G^|r + a(i) / E||GX;|rds + ta(i)E|lC|l , 



and so 



E||rt"|r < liminfE 



yr 



<E||GC|r + to(i)E||e|r + a(t) / E||i;"|rds. 

"'0 

The Gronwall-Bellman lemma now leads to (|5.6p . □ 
Lemma 5.9. Fix T > 0. Under the assumptions of Theorem \2.3[ 

E\\Xl^~X:f <KT,dt-s), (5.8) 
where < .s < t < T and Kt.^ is a constant depending of T and ^. 
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Proof. Consider tj = ini {t > : ||X"|| > j}. According to Ito's formula we have 



E 



X 



x: 



t/\Tj ^^SAT^ 

E I 1 2^ (x; - x:^,^ , G" (r) x; 



J2\\Lnr)X:!f)ds, 



and hence (|5.4p leads to 



E 



^sATj 



< -E 



t/\Tj 



23? (X;, G" (r) X;^) dr. 



From Condition H2.1, 



Rn 



< 1 and RnC c Gi?„ we deduce that ||G" < 



K {t) \\x\\c for aU a; G P (G). Therefore 



E 



by X" E T) (G) a.s., and so Fatou's lemma implies 



|Xf - X^'ir < liminfE 



J-S-OO 



XI 



<K{t) f ^E\\X^\\l^jE\\Xn 



_ ^ _ ,, ^ ,, 

Applying Lemmata 15.71 and 15.81 we obtain (|5.8I) . □ 
We next obtain a strong G-solution of (jl.ip by means of a limit procedure. 



's>0 



to be the fil- 



Definition 5.10. For any natural number n, we define (©|' 
tration that satisfies the usual hypotheses generated by ^ and W^, . . . , W"^. Let 
i be a non-negative real number. By ©f'^ we mean the u-algebra generated by 



U„eN©t'"- As usual, ©f;^ 



Lemma 5.11. Let the assumptions of Theorem \2.S\ hold. FixT > 0. Then, we can 
extract from any subsequence of (Ar")^gpj a subsequence (X"'=)j;.gpj for which there 



exists 



a y&\j^\ -predictable process {Zt)^^^Q j,^ such that for any t G [0,T], 



Zt 



weakly in I? 



(5.9) 



Proof. By Lemmata 15.71 and 15.91 using a compactness method in the same way as 
in the proof of Lemma 2.4 of [Mora and Rebolledo(2007)] we obtain our assertion 
(see Subsection IA.2I for details). □ 



In contrast with Mora and Rebolledo(2007)] , in the following steps we do not 
make assumptions about the adjoints of G (t) and Li (i), which even may not exist. 



Lemma 5.12. Adopt the assumptions of Theorem \2.S[ together with the notation 
of Lemma\5j^ Lette[0,T]. Then E\\Ztf <E\\£,f , Zt £ Dom{C) a.s., and 



E\\CZtf < exp (a {t)t) {E\\CCf + a{t)tE\\^f 



(5.10) 



Moreover, G^" (t) X"" — >k^oc. G{t)Zt weakly in L^ (^(^17, ©f^, ,f)), and for 
all ieN, 

L"^" it)Xl"' ~^k^ooLf,{t)Zt w;eafcZy in i2 (^(f7^0f^,p) ,fi) . (5.11) 
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2 ^ m II /-l|2 



Proof. By dSS]), Lemma O leads to E ||Zi|r < E 

For a given U e i2 /'/'^^0«.vt'^p\ ^j^g dominated convergence theorem 



t 

yields E„[/ — S'n^oo in (^(^^i, ©^''^jPj , [}j , and so using we get 

xE (?7, i?„,X,"'' \ = E [/, X;^- ) ^k~,oo E (C/, Zt) . (5.12) 



Suppose that L e £ ((P (C) , ||-||p) , f)), and define L" = Li?„. Since i?„C C 



CRn and 



< 1, applying Lemma 15.81 and the Banach-Alaoglu theorem we 
deduce that any subsequence of (nfc)^gpj contains a subsequence denoted (to shorten 
notation) by (0/gN such that (^L'^X^j^^^ and (cRiXlj are weakly convergent in 

(jiiXlL^XlCRiXl^ converges weakly in (^(n, ©f ^, , . 

The set V (C) x L{V{C)) x C(V{C)) is closed in t)^, because L is relatively 
bounded with respect to C. Then the set of all triple {rj, Ar/, Lrj), with 77 £ 

Ll (^(n, 0f ^,P) , [)), is a closed linear linear manifold of (^(fl, ©f ^,p) , f)^), 

and hence closed with respect to the weak topology of L2((r!,©f^,p),()3). Using 

(lOa we now get {RiXI XlCRiXl^ converges weakly in (^{VL, ^, p) , f)^ j 
to (Zt, LZt^ CZt) as I cx), which implies 

Ln.^n, weakly m f fl7, ^, pV [}) , (5.13) 



and so (|5.1ip holds by Condition H2.2. Taking L = C in (|5.13p and using Lemma 
Uwe get ([gUT]) . 

Condition H2.1, together with (|5.13p . shows that G(t)i?„^X"'= converges to 
G it) Zt weakly in ©f ^,P) , f)) as n ^ 00. It follows that for any U e 



J7,©f^,P),0), 



E /[/, i?„,G (i) = E (i?„,t/, G (i) ^fc^oo E ([/, G (i) Zt) . □ 



By Lemma [5.121 as in Lemma 2.5 of Mora and Rebolledo(2007)] we establish 
that Zt (^) satisfies (|l.ip a.s. using the following predictable representation. 

Remark 5.13. Let x e (^(n,&f"\P^ , , with < e [0,r]. Then, there ex- 
ist (©f'")^ - predictable processes • • • , i?" such that: (i) H\--- ,H"' e 
L2 (([0, T] xn,dt^P), C); and (ii) x = E (xl©^'") + E,™! /o ^i^^i- 

Lemma 5.14. Assume the setting of Theorem \2.3[ Suppose that (^"'°)fegN and x 
are as in Lemma \5.11\ and Remark \5.1S\ resvectivelv. If x € (), then 

/ "fc \ / °° /■* \ 
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Proof. Throughout this proof, , ■ ■ ■ , i?™ are as m Remark 15.131 Fhst, using 
Lemma 15.71 basic properties of stochastic integrals and Fubini's theorem we deduce 
that for aU n > m, 



Ex X, 



J2 / (^) x:dw'^ ) = E / (s) x:) ds 



By 



Rn 



< 1 and RnC C Ci?„, combining (|5.1ip . Lemmata 15.71 and 15.81 and the 



dominated convergence theorem we obtain that for any i — 1, . . . , m, 

/ Efff (x,i^Ms)^r>ds— ^fe^oo / W.Hi{x,Li{s)^{Zs))ds, 
Jo Jo 

and so 

JnnE/xx,E/ W^rc^W^i) =E / ^ H's i^, (s) tt (Z,)) ds. 

\ £=1 / "'0 

Second, Lemmata 15.71 and 15.81 together with Condition H2.2, yield 

J2 EHi{x,Leis)TTiZ,))ds^J2^x {x, U (s) n (Z,)) dW^ 

whenever n > m. Condition H2.1 and Lemma [5.41 show that J^'kLi \\J^i{t)y\\'^ ^ 
K (t) \\y\\l for all yinV (C) and t > 0. Therefore J^'Li lo i^) ^ (^«) '^^s con- 
verges in (P, f)) to /o ('^) (■^s) '^^si which implies that 

J2 ^Hi{x,L,{s)Ti{Z,))ds = Y,^X {x,L,{s)TT{Z,))dWl □ 

Lemma 5.15. Adopt the assumptions of Theorem \2.3[ Let T and Z he defined as 
in Lemma \5.11i Then for all t G [0, T] we have 

nt oo „f 

Zt=^+ G{s)TTc{Zs)ds + Y, Li{s)TTc{Zs)dW', a.s. 
Jo ^^-^ Jo 

Proof. Consider x G f) and let {X"'')f^^^j be as in Lemma fS.llI According to Lemma 
15.141 we have 

^hm E (yx, if ('^) X^^dWn = E (rx, (s) tt (Z,) dM^M . 

Using Lemmata 15 . 71 \5M and 15 . 1 21 and the dominated convergence theorem we obtain 
E [{x, G^" (s) X^-) E [xl®^^]] ds ^fc^oo / E [(x, G (s) ^ (Z,)) E [xl©!'^]] ds, 



since E [x| ©i^] e (P,C). Thus, combining ([O]) with the definition of X" 
yields 

Ex{x,Zt) =Ex(x,^ + G{s)^{Z,)ds + YlJ^ {x,L,{s)ti [Z,)) dW'}^ . 

(5.14) 

As in Mora and Rebolledo(2007)] , using a monotone class theorem (e.g., Th. 1.21 
of Dellacherie and Meyer(1978)| ) we extend the range of validity of (15.14^ from x € 
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( (f7,0f",P) ,C) to any bounded x G j] ,C), which completes 



the proof. □ 



We are now in a position to finish the proof of Theorem 12.31 by classical argu- 
ments. 



Proof of Theorem \2.3[ Consider T > 0. First, we combine Lemma [5.41 with Ito's 
formula to deduce that there exists at most one strong C-solution of (jl.ip on [0, T] 
(see proof of Lemma 2.2 of Mora and Rebolledo(2007)] for details). Second, for all 



t G [0,r], we set 

JO g^-^ Jo 

where Z is as in Lemma 15.111 Using Lemma 15.151 we see that Z'^ is a continuous 
version of Z. Hence Z'^ is a strong C-solution of (jl.ip on [0,T], and so Z'^ is the 
unique one. 

Define fl to be the set of all uj satisfying (cj) = ^"^^ (uj) for all n G N and any 
t G [0, n]. For any t G [0, n] with n G N, we choose Xt {£,) (oj) — Z" (lj) whenever 
a; G 51. Set X = in the complement of il. Thus X (^) is the unique strong 
C-solution of (fT7T|) on [0, oo[. □ 

5.3. Proof of Theorem l3.ll Throughout this subsection, C denotes the operator 
in (M'*,C) given by C = —A + \x\^. Moreover, ||-|| stands for the norm in 

(W^, C), and we shall often use Einstein summation convention (each index can 
appear at most twice in any term, repeated indexes are implicitly summed over). 

Since \x\^ is locally in (E*^, C), the operator — A-|-|a:;|^ is essentially self-adjoint 
on C^{W^,C) (see, e.g., Th. X.29 of [Reed and Simon(1975)| ). The Hermite 



functions (i.e., Hermite polynomials multiplied by e ^ /^) are the eigenfunctions of 
the operator in (R, C) given by —cP/dx^ + x'^, and hence the Schwarz space of 
rapidly decreasing functions is an essential domain for [—dj^/dx^ -f x^) . We can 
now use standard approximation arguments to show that (M, C) is a core for 
/ dx^ + x'^f , which implies that (R'^,C) is a core for C^ (see, e.g., Th. 
VIII.33 of [Reed and Simon(1980)] ), and so C"^ (R'^, C) is an essential domain for 



C. As —A -|- \x\^ = Ylj^iidj + Xj)*{dj + Xj) + dl, the operator C is bounded from 
below by d times the identity operator /. 

We next provide some relative bounds on C, A and the multiplication operator 
by \xf. 



Lemma 5.16. Let f e {R'^ ,C) . Then 

\\Cff ^ \\Af\f + II \x\^ff + 2 ^ {d,f, \x\'d,f) ~ 2d Wff , (5.15) 



J2\\il + \x\)^,ff<^cf\\\ (5.16) 

i=i 

||(l + N2)/f <8|lC/ir (5.17) 
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Proof. Using integration by parts yields 

11^/11'= E i{-d'f^-dlf) + {^',f,4f))-t: {fAdM+.pl)f). (5.18) 

j,k=i j,k=i 

A short computation based on the commutation relation [dj, Xj] = I gives 

{d]x^^ + xp])f = 2d,xpjf + 2{d,x, ~ x,d,)f = 2d,xp,f + 2f. (5.19) 

For any j ^ k we have d^xf + x'^dl = djxldj + dkx'jdk on (R'^,C), which 
together with (|5TT8)) and ([5TT9)) implies (jSTSl) . 

We now check inequality ()5.16p . Combining (|5.15p with the inequality 

d d d 

E 11(1 + \^\)d,f\f < 2E (^^-Z' (1 + \^\')9jf) = 2 (/, ~Af) + 2Y,{d,f, \x{'d,f) , 

we obtain 11(1 + ^ff < 2 (/, -A/)-||A/||^-|| jxp/f +2d , 
and hence 

d 

E II (1 + Nl)^./ll' < - ll(^ + l)/ll' + WCff + (2d + 1) Wff ■ (5.20) 

By C2 > dn, (2d + 1) \\f\f < (2d-i + d-2) ||C/||^ < 3 \\Cff since d > 1. Then, 
([5TT61) follows from 

According to (|5.15p . we have 

11(1 + N2)/f < 2 11/11 V 2 lllxp/f < 2(2d+ 1) WfW' + 2 \\Cf\\' . 

Then II (1 + |a;|2)/||^ < 2(1 + 2^-^ + rf-^) ||C/||2^ which leads to (ISTZl) . □ 

Lemma 5.17. Under Hypothesis^ the operators G{t) and Li{t) satisfy Hypothesis 
[H as well as Conditions H2.1 and H2.2 of Hypothesis \^ 

Proof. For all / G (W^, C) we have (Einstein summation convention on j) 

\\Hit)f\\ < a IIA/II + 2 \\A^it, ■)d,f\\ + Wfd.A^it, ■)\\ + \\Vit, ■)f\\ . 
Combining the Schwarz inequality with (|5.16p gives 

\\A^it,-)d,f\\ < K{t) (dY^U 11(1 + Nl)^.-/ll')'^' ^ 2d''^K{t) \\Cf\\ . 
By ((5T71) . \\V{t, ■)f\\ < 8^/^K{t) \\Cf\\. Moreover, Condition H4.1 implies 

\\fd,A^it,-)f\\<dKit)\\f\\, 
and the identity (jSl^ yields ||A/|| < ||C/|| + (2d)i/2 ||/||. Therefore 

\\H{t)f\\ < (a + (2di/2 + 8i/2) K{t)) \\Cf\\ + (a(2d)i/2 + dKit)) \\f\\ . (5.21) 
A straightforward computation yields 
LfXt)*Le{t) = -aijGikdjdk - {aikrn - rjfjTtk + \d;j(Ttk\)dk + (t?^??^ - '^ij \djr]i\) 
Since \ < I < m, using Condition H4.2 and the Schwarz inequality we deduce that 

1 /2 

\\ai,aikd,dkf\\ < mdK{tf (^-,^=1 \\djduff) = mdK{tf ||A/|| . 
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From \T]i\ < K{t){l + \x\), \aej \ < K{t) and \djGe,j \ < K{t) we have 

II {"Him - ^ej \djiii] ) /II < \\Tif,r]if\\ + W'^ej \djVe] /II 

< 2mK{tf ||(1 + l^n/ll + 2mdK{tf ||(1 + |a;|)/|| 

< 2m{2d+l)K{tf\\{l + \x\^)f\\. 
Similarly, combining the Schwarz inequality with ()5.16p yields 

d 

dkfW <4mi^(t)'5]||(l + |:E|)9fc/|| 
fe=i 

< SmS'^K{tf \\Cf\\ . 
Summing up, X^fci ll-^^(^)*-^«(0/ll less than or equal to mK{t)^ times 
8di/2||C/|| +d||A/|| +2(2d+l)|||a;|2/|| +2(2d+l)||/|| 

< 8di/2 IIC/II + 2(2d+ 1) (IIA/II + lllxp/ll) +2(2d+ 1) 11/11 

< 8^1/2 iic/ll + 2{2d + 1) (||C/|| + (2d)i/2 ll/ll) + 2{2d + 1) 11/11 . 

This, together with ((OT|) . shows that G{t) satisfies Condition H2.1 since C^{R''; C) 
is a core for C. In a similar, but simpler, way (we deal now with first order 
differential operators), we can prove that the operators Lg{t) satisfy Condition 
H2.2. 

Let g g C^(M'';C). Since (Jek{t,-) is continuous, using Fubini's theorem we 
deduce the measurability of i ^</), aik (i, ■)g^ for all € C^(R''; C), and so 1 1-^ 

aik {t, ■)g is measurable. Combining Lemma [2?2] with (|5.16p yields the measurability 
of / dkTTcif) as a map from (R'^,C) to (R'^.C). Therefore {t, f) ^^ 

a£k {t, ■)g, dkT^c if)'^ is measurable, which implies the measurability of {t, f) i-> 
aik {t, •) dkiTc if) as a function from [0, oo[ x (R'^, C) to (Rd^ c). In the same 
manner we can see that (i, /) i— >■ ry^fc (<:, •) ttc (/) is measurable, hence Condition 
Hl.l holds. Similarly, we can obtain that G{t) satisfies Condition HI. 2. □ 

We now verify Condition 112. 3 with Si = (R'^,C), which is the most com- 
plicated step of our proof. The key inequality in Condition H2.3 at a formal 
purely algebraic level reads as C{C^) < a{t)[C^+l), where £ is the formal 
time-dependent Lindbladian associated with the operators G{t) and Li{t), namely 
C{X) = G{t)*X + Y.iLi{tyXLi{t) + XG{t). Decomposing £ as the sum of a 
Hamiltonian part i[H{t)^ ■] and a dissipative part Co{X) = C{X) — i[H{t),X] we 
check separately that i[H(t),C'^] < K{t){G'^ +l) (Lemma EE]) and Co{G'^) < 
K{t) (C^ + l) (Lemmata 15.191 [5.201 and 15. 2ip in the quadratic form sense. 

Lemma 5.18. Suppose that Hypothesis^ holds. Then, for all f E G^ (R'*,C) we 
have 

2^ (CV, ^Hit)f) < K{t) [\\Cf\f + \\f\f) . (5.22) 

Proof Since / G G^ (R'', C), 

{C'f,iH{t)f) + {iH{t)f,C'f) 
= {Gf, i{H{t)G + [C, H{t)])f) + {i{H{t)G + [G, H{t)])f, Gf) 
= -I {Gf, [H{t),G]f) + I {[H{t), G]f, Gf) . 
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Then \2^{C^f,tH{t)f)\ = {Cf,[H{t),C]f)\ <2\\Cf\\ ■ \\[H{t),C]f\\. A com- 
putation allows us to write the commutator [H{t), C] as 

Ai \dkA^] dkdj + (2 \djV^ - Aax, + 2i [AA^] + i \djdkA'''\ ) dj 
+ ([AF] -2ad + i \djl\A^] + AiXjA>) . 

Using Condition H4.1 and the Schwarz inequality we obtain that the norm of the 
first term, acting on a function /, is less than or equal to 

4ifWE-,fc=i \\dkd,f\\ < AK{t)d (e -,^=1 \\dkd,f\\^)"^ = 2if(t)d||A/|| . 

The norm of the second term, with first order partial derivatives of /, is upper 
bounded by K (t) 11(1 + I^^Df^fe/lli which is less than or equal to 



d'/'Kit)[Y,\\il + \x\)dkf\ 



. 1/2 
2 \ 



The third term is not bigger than K(t) ||(1 + We now use Lemma [5. 161 to 

get K22\i . □ 

Starting from the formal algebraic equality 

d 

Co{C^) - CCo{C) + Co{C)C + J2 [C, U{t)]* [C, U{t)] 

written in the quadratic form sense, we now establish an estimate of | (/, Co{C^)f) | 
(formally the left-hand side of the inequality (|5.23p given below). Note that £q{C'^) 
does not make sense as a sixth (or fourth, after simplifications) order differential 
operator acting on / G (M'^,C) because aekjVe ^"^^ only three-times differen- 
tiable, but Cq{C) does. The right-hand side of (|5.23l) . however, can be written 
rigorously as E^i II [C, Le] ff + 2 \\Cf\\ ■ \\CoiC)f\\. 

Lemma 5.19. For all f e (R'^,C) we have 

■m m 

J2 {\\CL,f\f - n {C^f, LlUf)) < J2 II /II' (5-23) 



+ \\Cf\\ 

f=i 

Proof. Rearranging terms we have that for all £ = 1, . . . , m, 

{CLeJ,CLef)~{C^f,L*fL,f) 
= {{LeC + [C, L(]) /, {L(C + [C\ L,]) /) - {Cf, (L|C + [C, mL,f) 
= {LeCf, UCf) + {UCf, [C, U] f) + ( [C, U] /, UCf) + ( [C, L,] /, [C, L,] f) 

~{LeCf,CL,f)-{Cf, [C,L}]L,f) 

Note that the sum of the first, second and fifth term vanishes and the third is equal 

to (L| [C, Le] /, Cf). We find then 

{CL,f, CUf) ~{C'f, L}L,f) ^\\[C,U]ff + {LI [C, L,] /, Cf) + {Cf, [L} , C]Uf) , 
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and so taking the real part we can write 

{CLd, CL,f) - ^ {C^f, L}Lef) - || [C, U] ff + ^ {L} [C, i,] /, Cf) 

+ \ {Cf, L} [C, U] /) + i {{Cf, [LlC]Lef) + {[LlC]Ld, Cf)) , 

which imphes 

{CUf, CUf) - n {C^f, LlUf) = II [C, U] ff + ^ {L} [C, L,] /, Cf) 

+ \ {[L},C]Lef, Cf) + i {{Cf, [LlC]L,f) + {Cf, L} [C, L,] /)) . 

The conclusion follows summing up over £ and applying the Schwarz inequality. □ 

We now show that Co{C) is a second order differential operator with well-behaved 
coefficients allowing us to prove that £o(C) is relatively bounded with respect to 
C. 

Lemma 5.20. Under the Hypothesis\^ for all f G C^{M.'^,C) we have 

\\Co{C)f\\<K{t)\\Cf\\. (5.24) 
Proof. Simple algebraic computations yield 
2Co{xj) = {L'^[xj,Li] -t- [L},Xj]Li) = {dk^ik - rj^) atj - atj (aikOk + Vi) 

= dk{o-*a)kj - ia-*a)jkdk - rj^aij - Wijrn, 

which implies 2£o(a;j) = - i<7*cr)-jk) dk+\dk{c7*a)kj]-T]faij-rii'aij. From 

£o(|a;p) = XjCo{xj) + Co{xj)xj + [xj,L'^][Li,Xj] it follows that 

£o(kn = Xj {{a*a)kj - {<y*'7)kj)dk +Xj \dk{(J*a)kj'\ - 21k(ji^atj)xj + {(J*(T)jj. 

(5.25) 

In a similar way — A = —djdj, and 

2Co{d,) = L*f[d,,Le] + [Lld,]Le 

= {-dh^th + Vt) ( {dif^tk] dk + Idj-rjil ) 
+ {dh \djaih] - \djrjf']) {aikdk + rji) . 

In the above differential operator, second order terms cancel. In fact, we can write 
the expression —dh^ih \dj(T(,k'\ dk +dh \djaeh'] <Jikdk, by an exchange of summation 
indexes h, k in the second term, in the form 

dkcrih \^ja^k^ dh - dnaeh \djaek] dk = [crih Idjaik] - aih \dj(Jik'\) dhdk 

+ {\dk(Ti>h\ \djaek] + crih {djdko'ek]) dh - {{dho'eh] {djaek] + '^ih \dhdj(Jik'\) dk- 

This is a first order differential operator because both the second order coefficient 
vanishes by p.ip and 2C{dj) is equal to 

{\dkO■^h^ \djai>k} + crih \djdkaik] + \djaih] rjt -oih \djrii\)dh 
- {\dh'aih\ \djaik\ + '^ih {dhdjaek] + Idjrj^] aik -rj^ \djaek])dk 
+ \djdhath] rii + \djWih] \dhm] - [dho'eh] \djr]i'] -a^h \djdhrit \ + 2i3 {rjg {djTjt]) . 
Therefore -Co(9j ) = Vjkdk + Cj , where v^k := ^{\djatk^ Ve - '^ek Idjrji'] ) and 
:= \djdh'^ih] m + Idj^ih] \dhVi] - \dh'^ih} \djrit \ - aeh \djdhr]i] 

+2iQ im\d,m])- 
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Since £o(A) = djCo{dj) + Co[dj)dj + [dj,Ll][dj,Li], 

£o(A) = dj {vjhdh + ij) + {vjkdk + ^j) dj 

+ ildjvA - dh \djaih\){\djaik \ dk + \dj7]t\) ■ 



This gives 



/:o(A) = 2vjkdjdk + \djVjk'\ dk + 2£_jdj + \dj^j~\ - \djaih] \^jaek^ dhdk (5.26) 

- {\dhdjaih] \dja£k] + \d;jath \ {dhdjaik}) dk + [Sj-Jy^] dk 

- {djath} \d.jrit\ dh - IdhdjWih] \djr]i] - \djaih] {dhdjiji] 

By Condition H4.2, combining /:o(C) = £oi-'^)+Co{\x\^) with (jOSl) and 
we deduce that Co{C) is a second order differential operator of the form X]|/i|<2 "^m^m 
(in multiindex notation /i = (/xi, . . . |^| = + - • • + d^ = d^^ • ■ ■ d^^) with: 

bounded for = 2, |a^| < K{t){l + for |^| = 1 and \a^\ < K(t){l + jxp) 
for \fi\ = 0. The conclusion follows them from applications of Lemma 15.161 with 
some long but straightforward computations. □ 

Lemma 5.21. Under the Hypothesis\^ Condition H2.3 holds. 

Proof. Since [C, Li] = {{-dj + xj) [dj + Xj,Li] + [-dj + Xj,Li] {-dj + Xj)), 

[C, Li] = {-dj + Xj){\dj(Tik} dk + \djT^i \ - 5jk(yik) 

+ (- \djcrik} dk - \djr^i \ - Sjkcrik) {-dj + xj), 

where Sjk is the Kronecker delta. The term with two partial derivatives writes as 

-dj Idjaik'] dk + \d■jaek^ dkdj = 2 \d■jaik^ dkdj - \djaek] dk, 

terms with a single partial derivative are 

-dj [djrie] + Sjkdjaik + xj \djaik] dk + {djrn] dj + SjkO'ikdj - \d;ja^k^ dkXj 
= - [A?/£] + 25.jk'Jtkdj, 

and terms with no partial derivatives sum up —25jkXj<Tik- Therefore 

[C,Le\ = 2 \djaik} djdk - [i9|cr^fel dk + 2aijdj - 2xjatj - [A?7£] . 

We now use Condition H4.2 and Lemma 15.161 together with straightforward in- 
equalities and estimates, to obtain || [C, L^(t)]/f < K{t) (||C/f + ||/f ). Thus, 



the claimed inequality in Condition H2.3 follows from Lemmata I5.18[ 15.191 and 



Proof of Theorem \3.1\ Hypothesis 1 and Conditions H2.1, H2.2 of Hypothesis 2 
hold by Lemma [5. 171 In Lemma r5.21l we verify Condition H2.3. According the defi- 
nition of G {t) we have 25R (/, G (t) f}+Y.Zi W^e (t) /f = for all / e G^{W'-, C). 
Therefore, Condition H3.1 (stronger form of H2.4) holds, because G^ {R'^;C) is a 
core for C and the operators G{t),Le{t) are relatively bounded with respect to G 
with bound uniform for t in bounded intervals [0,r]. Hence, applying Theorems 
12.31 12.51 and 12.91 we get the assertions of the theorem. □ 



□ 
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5.4. Proof of Theorem mH 

Proof of Theorem \41\ Consider the stopping time 

r„=inf{t>0: \\Xt (OW > m} AT, 

where T > and m G N. For any n e N, we set An = i?„Ai?„, with i?„ = 
n{n + Cy^. From A G £ ((2? (C) , |H|c) , [)) it follows that A^ S £(!)), and so 
using the complex Ito formula we obtain 

{XtAr„. {0,AnXt^r^ (0) = / Cis,A^,XsiO)ds + Mt^r^, (5.27) 

Jo 

where t e [0,T], 

oo „4 



Mt = Y, ii^s (0 , A„L, (s) X, (0) + (i^ (s) X, (0 , A„X, (C))) dl¥,f 
and for all xeV{C), 

oo 

£ (s, An, x) = {x, A„G (s) x) + {G (s) x, Anx) + ^ (L^ (s) x, AjiLf (s) x) 

e=i 

Combining Lemma 15.41 with the Cauchy-Schwarz inequality we get 

E V / \{X, (0 , A„L, (s) X, (0) + (L^ is) X, iO , AnX, (0) I' ds 



<8m3||A„||' / E\\G{s)Xs{mds, 
Jo 

which together with Condition H2.1, yields EMtAr„ — 0. Then, ()5.27p leads to 

E (XMr,„ (C) , A.XtAr„ (0) = ^ (C, A„0 + E / £ (s, A„, X, (0) ds. (5.28) 

Jo 

Since Esup^gjo j^j \\Xs (011^ < +00, applying the dominated convergence theorem 
gives 

lim E (XMr„ (0 , AnXt^r^ (e)) = E {Xt iO , AnXt (?)) ■ 

Letting m — !■ 00 in (|5.28p we deduce, using the dominated convergence theorem, 
that 

E {Xt (e) , AnXt (0) - E (e, AnO + E /* £ (s, A„, X, (0) ds, 

Jo 

and so from Fubini's theorem we obtain 

E {Xt (0 , AnXt (e)) = E (e, A„0 + / E/: (s, An,X, (0) ds. (5.29) 

Jo 

Let X e T>{C). By Conditions H2.2 and H5.1, analysis similar to that in the 
proof of Lemma ISTSl shows that {s)x <eT> (C^/^) and 

CXD ^ 

2 



^ Ci/2^f(s)a; < X(s) llxllp. (5.30) 



1=1 
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Since RnC C Ci?„, C^/^ commutes with i?„, and so Condition H5.2 leads to 

\\BjRnLi (s) X - BjLi (s) a;||^ 



< K 



RnC^/'^Li (s) X - C^/'^Lt (s) X + \\RnLi is) x-Le (s) xf ] , 



with j = 1,2. This imphes 

BjRnLe (s) X — ^„^oo BjLi (s) x. 
Moreover, using RnC^^^ C C^^^Rn we deduce that 

\\B,RnL,{s)xf < k( R^C^/^U{s) 



(5.31) 



i?„Lf {s)x\\ 



< K 



(^C^'^U {s)x\^ + \\Li{s)x\\ 



Lemma [53] and Condition H2.1 lead to W^i — ^ i^) W^Wc- There- 

fore, applying the dominated convergence theorem, together with (|5.30p and (|5.3ip . 
yields 

/ E {BiRnU is) X, (0 , B2RnLe (s) X, (0) ds 
Jo 

-^n^oo / Ey2{BiLi{s)Xs{0,B2Li{s)X,{0)ds. 

Jo n , 



Hence 



„t oo 

/ ¥.Y,{BrR^Lt{s)X,{i),B2RnLt{s)Xs{0)ds (5.32) 
Jo 

/ ^E(Sii,(s)^.(0,52i£(s)X,(0)ds. 

According to i?* = i?„ , for any x (C) we have 

£(s,A„,a;) = (i?„A*i?„a;, G (s) a;) + (G (s) a;, i?„Ai?„a;) 

oo 

+ ^ {BiRnLi (s) x, B2RnLi (s) a;) . 



□ 



By ([02)) and Condition H5.3, letting n oo in ([QQ]) we get (|4J|) . 
5.5. Proof of Theorem mH 

Proo/ o/ T/ieoremg]5l Let G = - A + |a;|^. According to Theorem [3J1 ([HI) has a 
unique strong G-solution with initial datum in (P; ()). Moreover, in the proof of 
Theorem 13.11 we verify that G satisfies Hypothesis [2] 

Suppose that / belongs to G^(]R'',C), which is a core for G. Then, for any 
i = 1 , . . . , m and t > we have 



Gi/^L, (t) f\ = J2 11*5, {Le (t) f)f + II |:r| L, (t) f\\ 
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Since 

d 

Y,\\W\\'^\\-Af\\\ (5.33) 

combining Hypothesis U with Lemma [5.161 yields Condition H5.1. 

Consider /eCr(M^C). Then \\\c,^ ff < K {\\ff + ^f,\x\^ f)) and 

\md,ff<K{f,-dlf). 
In addition, H^fc \aj] ff < 2 || [dkaj] ff + 2 \\ \aj] dkff- Therefore 



\\B,ff <K{\\ff + {f,Cf)) =K\\f\\l,, 



and so Bj satisfies Condition H5.2, because C^(M'',C) is a core for C^/^. 

We now take Bi = di and B2 — dk {0.2] , and so A = —dg \hi \ dk [02! • For 
any / e C^{W^,C), 

Af = - (dibi) {dka2) f -bi{di,dka2) f -bi{dka2)dj - (debi) a2dkf 
-bi (9^02) dkf - bia2didkf- 

Using Lemma [5.16[ together with (|5.33p . yields < iiT ||/||^, and hence for aU 

f € V (C), \\Aff < K WfWl. since C^{R'^, C) is a core for C. Similarly, we obtain 
\\A*ff < K 11/11^ for ah / € X> (C). Thus Condition H5.3 holds in this case. In the 
same manner we can check Condition H5.3 for the other possible choices of Bi and 
B2. Finally, applying Theorems 14. II and 14.21 we get (j4.ip and ()4.2p . respectively. □ 

5.6. Proof of Corollary 14.41 



Proof of Corollary \4-4\ Set P — —id/dx. Suppose that either A = P'^ oi A — . 
From LI = -Li it follows that for all / e C;?°(R, C), 

{A*f,Gf) + {Gf,Af) + (yAL^f,^L,f) = (^f, (^-i [A,H] - i [[L^,A],L,]J f 
Using [\V],P]^i \V'] yields 



Since A, G, vALi, \V'~\ P and P \V'~\ are relatively bounded with respect to C = 
-d^/dx^ + [a;2] , for all / G 2? (C) we have 

{A*f, Gf) + (G/, A/) + / VlLi/, (5.34) 



(rriP + Prri)/), If A^\V} 

- (/, (rri p + p \V'^ ) f) + (/, r;2/) , z/ A = P2 



because C^(R, C) is a core for C. Combining (|5.34p with Theorem 14.31 we obtain 

E (Xi, m - E (e, m + ^ ^* E (x„ ([F'l p+p rv'i) X,) (5.35) 
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and 

+ ^t, (5.36) 
where we abbreviate Xf {i) to Xj. Adding ((05|) and gives □ 

Appendix A. 

A.l. Proof of Theorem Hm 

Proo/ o/ Theorem[KE Define t„ = inf {i > : > n}AT, where T is a given 

positive real number and n e N. Combining Condition H3.1 with Ito's formula we 
obtain 

WXt^rAOf = Uf + T. 2^{X^{0,L,{s)XsmdW'^. (A.l) 

Conditions H2.1 and H3.1 yield 

5] E / (5ft (X, (0 , (s) X, ds < K^.T (l + E m\l) , 

where iir„,T is a constant depending of n and T, hence (jA.ip shows that \\X'^" (011^ 
is a martingale. We now use Fatou's lemma to deduce the supermartingale property 

oi(\\X,m?) , . 
V / telo,T] 

Since E (sup^g^^T] 11^^ iOf) < oo (see, e.g., Th. 4.2.5 of [Prevot and R6ckner(2007)] ), 
applying the dominated convergence theorem gives 

E\\XtiOf= lim E||XiAr„ (e)ll' - limElieil". 



Therefore the supermartingale (^IjATt (^)||^^ is in fact a martingale. □ 

A. 2. Proof of Lemma 15.111 

Proof of Lemma \5.11\ Let {Xj)j^n be an orthonormal basis of 

l2((i7,©«;^,p),[)). 

Combining the Cauchy-Schwarz inequality with (|5.8I) we obtain the equiconti- 
nuity of the family of complex functions (E (x^-, X"))^^^^^, with j g N. Using 
Lemma [5.71 the Arzela-Ascoli theorem and diagonalization arguments we deduce 
that can extract from any subsequence of {X^)^^^ a subsequence (A'"''')j.gj^ such 
that E(xj,Ar"'=) is uniformly convergent in [0,T] for any j € N. Lemma [5.71 now 

shows that X^*' is weakly convergent in (^{VL,®^}^ , [)^ for any t e [0,r]. 

Since X"'' is ©(''^-measurable, for any t e [0,T] there exists a ©(''^-measurable 
random variable ipt satisfying 

>k^oo^t weakly m jy^y (A.2) 
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Assume that {ej)-^^ is an orthonormal basis of f). According to ()A.2| we have 

{ej,Xn ^k^oo (ej,Vt) weakly in ((r!,0f'^,p) ,c) . 
Thus, from ((5^ it fohows that 

E|(e,,Vt-Vs)|' <liminfE|(e,,X,"'' < Kt,^ {t - s) . 

It follows that (cj , ip) has a (25?+^^)^^^^ -predictable version {ej,ijj) (see, e.g., 

Proposition 3.6 of [Prato and Zabczyk(1992)] ). We define a to be the set of aU 

{t,uj) belonging to [0,T] x U such that X]J=i {^j:''l')t converge as n goes to 

00. The proof is completed by choosing Zt (uj) = X^jli {^j^'^)t (^j*^) ^ a, 

and Zt (io) = provided that {t, u) ^ a. Thus Z becomes a version of V'- O 
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